ABSTRACT A control moment gyro (CMG) is the main source of vibration disturbance in the spacecraft. This paper presents a vibration mathematical model with 18 degrees of freedom by Lagrange energy method, for solving the problem that the transmission mechanism for the micro-vibration of the CMG is not clear. The parameters of the micro-vibration transmission model are identified by modal analysis, frequency response analysis, and dynamic-static unbalanced excitation analysis. The numerical simulation was performed to obtain the disturbance force of the CMG. The prototype was fabricated and an experimental system was established. The test results show that the numerical and experimental values of the disturbance force have highly consistent in accuracy, the maximum deviation is 4.77%. It demonstrates that the establishment of the micro-vibration transfer model of the CMG can predict its micro-vibration characteristics. This paper provides a sound theoretical basis and guidance for designing the CMG with ultra-low micro-vibration.
I. INTRODUCTION
Control moment gyroscope (CMG) is the core component of spacecraft attitude control system. It has the ability to achieve both large and accurate torque output [1] . CMG is an ideal actuator for large spacecraft and agility spacecraft in the future. However, as a type of inertial actuator, the angular momentum is created by large inertia rotors spinning at a high speed. The unbalanced vibration caused by the high-speed rotation of the rotor makes CMG the main vibration disturbance source of the spacecraft [2] - [4] . The unbalanced vibration of CMG will affect the observation accuracy and image quality of spacecraft's high-precision observation equipment [5] , [6] . It is a difficult problem that restricts the performance improvement of high-precision observation satellite. The research on the transmission mechanism of micro-vibration of CMG cannot only predict the micro-vibration characteristics of CMG, but also provide
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CMG mainly outputs control moment [9] by changing the spindle of high-speed flywheel. However, the high-speed flywheel is also the main disturbance source of CMG [10] - [12] . The mechanism of flywheel disturbance has been studied in detail at home and abroad [13] - [22] . Hasha [20] established the empirical model of flywheel disturbance to predict the disturbance to Hubble Telescope. Masterson et al. [21] used the analytical method to model the flywheel disturbance characteristics, and compared it with the empirical model, and carried out experimental verification. However, due to the complexity of the structure of CMG, there are both theoretical and experimental studies on the transmission mechanism and disturbance model of the control moment gyroscope, but no mature theoretical system has yet been formed [12] , [23] - [28] . Luo et al. [23] established the disturbance analysis model of CMG, and designed the micro-vibration experiment of CMG. The analysis is given based on the experimental results. According to Deng et al. [27] , a CMG can be divided into two parts: the high-speed rotor and the low speed component. The high-speed rotor is modeled by the mathematical analysis, whereas, the low speed part is modeled by frequency domain parameter identification. The interference transfer model of the CMG is established by combining the two methods.
Transfer function matrix is the most intuitive symbolic method for vibration transmission analysis [29] - [31] . Varney and Green [32] used complex coordinates to define transfer function matrix, and studied the dynamic characteristics of elastically supported rotor. Finite element method is a direct method, which can analyze the components, as well as the fit clearance and tightening relationship between them, based on 3D model of structure [33] , [34] . It can also deal with non-linearity, and get the transient and steady state dynamic response of the structure. However, the finite element method needs a lot of test data to calibrate and revise the model. The modal test method is more accurate and effective [35] . It obtains the modal by exciting the structure, and obtains the dynamic modal and parameters through identification.
Considering its structure complexity, which is quite different from simple flywheel rotor mechanisms, such as momentum wheels, the modeling and analysis only on the source of flywheel disturbance of CMG is insufficient. The study on the transmission mechanism of flywheel disturbance is another important research direction. In order to improve the accuracy and simplify the calculation method, the high-speed rotor and the low-speed component are unified as a springdamped system. Modal analysis and frequency response analysis are used to identify the system parameters. Lagrange energy method and system parameter identification are combined to establish the transfer model. Compared with the experimental results, the accuracy of the modeling method is verified, which lays a theoretical foundation for the design of the CMG.
II. MICRO-VIBRATION TRANSFER MODEL OF CMG A. MODEL ESTABLISHMENT
The structure of CMG is mainly composed of flywheel, bearing, frame and base [23] , [36] . The flywheel and frame are connected by a high-speed rotating shaft which are supported by a pair of angular contact ball bearing with highspeed, while the frame and base are connected by a lowspeed rotating shaft which are supported by a pair of angular contact ball bearing with low-speed, as shown in Fig. 1 . Generally, the rotational frequency of the flywheel is much lower than the resonant frequency of the flywheel, the frame and the base. Therefore, the CMG flywheel, the frame and the base can be simplified to a 6-DOF rigid body. The bearings can be equivalent to a 6-DOF linear spring with axial and radial stiffness and damping, that is, flywheel and frame. The frame and base can be simplified to a mass-spring-damping system. In conclusion, the CMG model under free boundary can be simplified to an 18 DOF mass-spring-damper system, as shown in Fig. 2 .
In order to avoid ambiguity, this paper adopts the coordinate system shown in Fig. 1 , that is, the low-speed rotating shaft points to the Y axis, the high-speed rotating shaft points to the Z axis, and the vertical axis is the X axis, following the right-hand coordinate system principle.
Therefore, the equivalent stiffness matrix and the equivalent damping matrix of the flywheel-frame system can be expressed as follows
where k r01 , k r02 and k a0 denote the equivalent radial and axial stiffness of the flywheel-frame system; c r01 , c r02 and c a0 denote the equivalent radial and axial damping of the flywheel-frame system; d 0 denotes the distance from the mass center of the flywheel to the high-speed rotary bearing. Similarly, the equivalent stiffness matrix and the equivalent damping matrix of the frame-base system can be expressed as follows,
where k r11 , k r12 and k a1 denote the equivalent radial and axial stiffness of the frame-base system; k el denotes the electromagnetic stiffness caused by external control at the low-speed shaft; c r11 , c r12 and c a1 denote the equivalent radial and axial damping of the frame-base system; d 1 denotes the distance from the mass center of the frame to the low-speed shaft bearings. The vibration equation of the CMG is constructed by using generalized Lagrange energy equation. According to Lagrange theory, the equation of vibration system can be expressed as kinetic energy T, potential energy V and dissipated energy D.
where q is a generalized coordinate vector and p is a generalized external force vector.
where q fg and q gb are the elastic displacement vector of the flywheel frame system and the frame base system, that is, the relative displacement vector in the system.
According to the simplified model, the dissipated energy of the system is, 
C. GENERALIZED EXTERNAL FORCES OF SYSTEMS
The generalized external force of the CMG system mainly comes from the static and dynamic unbalance characteristics of the flywheel, as shown in Fig. 3 . There are inevitably errors in the process of manufacturing and assembling of flywheels with the result that the centroid of flywheels is not strictly located in the geometric center, i.e. there exists static and dynamic unbalanced mass. On the one hand, due to the static unbalanced mass produced by the centroid of the flywheel deviating from the rotating axis, the periodic centrifugal inertial force in the radial direction is generated with the high-speed rotation of the flywheel; on the other hand, the deviation of the flywheel centroid from the center of the axial thickness, the periodic inertial torque in the axial direction is generated with the high-speed rotation of the flywheel. In summary, the generalized external forces of flywheels can be expressed as,
where f ffx and f ffy are the radial excitation force at the centroid of the flywheel, f fmx and f fmy are the excitation torque at the centroid of the flywheel, U s and U d are the static and dynamic unbalance of the flywheel, M S and M D are the static and dynamic unbalanced mass of the flywheel, R and H are the radius and axial thickness of the flywheel, is the rotating speed of the flywheel, ϕ f and ϕ m are the initial phases.
In the free boundary state of the CMG, the frame and the base are not subject to the external excitation, except for the VOLUME 7, 2019
generalized external force on the flywheel.
In summary, the generalized external forces of CMG system under free boundary can be expressed as follows,
By introducing Eqs. (4), (8), (10), and (15) into Eq. (3) and ignoring high-order quantities, the vibrational equation of the CMG can be expressed as follows,
where M , C and K represent the mass matrix, the damping matrix and the stiffness matrix of the system respectively and G represents the gyroscopic matrix of the system generated by the flywheel gyroscopic effect.
III. PARAMETER IDENTIFICATION OF MICRO-VIBRATION TRANSFER MODEL
Considering the establishment of CMG vibration equation, there are five main parameters: M , C, K , G and P. The mass matrix M can be accurately obtained by measuring the mass and moment of inertia of each component; the gyro matrix G can be calculated by the moment of inertia and working speed of the flywheel; and the static and the dynamic unbalance of the flywheel in the external excitation vector p can be accurately measured by the dynamic balancing tester; so the system parameters to be identified are the stiffness Matrix K and the damping matrix C. The identification method is mainly based on the flywheel frame and the modal test of the CMG.
A. IDENTIFICATION OF THE STIFFNESS MATRIX K
From Eqs. (1) and (2), it can be seen that each item in the stiffness matrix is actually the bearing stiffness of the highspeed and the low-speed rotating shafts. Further analysis shows that the main parameters to be identified are two radial stiffness k r and one axial stiffness k a of bearings. Firstly, the stiffness matrix K 0 of the flywheel frame system is identified.
The general process of the identification is as follows: according to the CMG model, the flywheel frame system should be separated. The first five modal modes of the system should be 3-DOF translation modes and 2-DOF rotation modes of the flywheel. If additional mass is added on the flywheel, the system mass will change, while the stiffness of the bearings in the high-speed rotating shaft remains unchanged. The corresponding modal resonant frequencies will be changed with the system mass under the same mode. The bearing stiffness can be identified by the least square method due to the change of the resonant frequency under the same mode of the CMG.
The characteristic equation of CMG's vibration equation shows that: k = mω 2 , and
For the translational and rotational modes of the flywheel frame system, the equivalent mass m of the flywheel and the equivalent stiffness k r0 of the bearing has,
where m i and f ri are respectively expressed as the additional mass and the corresponding resonant frequency in radial translation mode, f ai is the corresponding resonant frequency in axial translation mode, and J j and f ji are respectively expressed as the additional inertia and the corresponding resonant frequency in flywheel rotation mode. According to the modal parameters identification results of different additional mass in the test, the least square method is used to identify the parameters of stiffness and the equivalent mass of the flywheel.
where M Gen is the generalized additional mass, K Gen is the generalized stiffness, W Gen is the generalized frequency and M Equ is the equivalent mass. ε is the residual and error vector.
B. IDENTIFICATION OF THE DAMPING MATRIX C
From Eqs. (1) and (2), it can be seen that the identification of the damping matrix is similar to the stiffness matrix identification. In practice, only two radial damping ratio c r and one axial damping ratio c a of the high-speed and low-speed shaft bearings need to be identified. Taking the damping ratio matrix of the flywheel frame system as an example
The damping ratio of each mode can be measured synchronously by the modal test of the flywheel frame system. Since the first six modes are the relatively pure 6-DOF modes of the flywheel, the modal damping can be approximately equivalent to the viscous damping of the system.
The simple relationship between the damping ratio and the damping is as follows:
The corresponding modal damping of each order can be calculated simply by (22) . The modal damping ratio of the radial translation of the flywheel is used to calculate two radial damping ratio c r01 and c r02 of the high-speed rotating bearing, and the modal damping ratio of the axial translation of the flywheel is used to calculate the axial damping ratio c a0 of the high-speed bearings.
Similarly, the damping matrix of the frame base system can be identified, that is, two radial damping ratio c r11 , c r12 and one axial damping ratio c a1 of the low-speed rotating bearing.
C. MODAL TEST
It can be seen from above that the main method of the system parameter identification is based on the modal test. In order to identify the stiffness of the flywheel-frame system and the frame-base system, the CMG was separated into two parts, and the flywheel-frame system and the frame-base system were tested respectively.
The specific test scheme is as follows: Firstly, the model test of the flywheel frame system was carried out. The rigid frame was installed in the fixture, and the inherent modal test was carried out by hammering method.
The frame base structure was separated from the CMG, and the flywheel remained stationary. The gimbal was fixed on the bracket whose stiffness was much greater than the resonant frequency of the flywheel gimbal system by bolts. Two accelerators are symmetrically arranged on the highspeed rotating axes at both ends of the flywheel. The first five resonant frequencies and the modes of the flywheel gimbal system were obtained by modal test software-LMS Test Lab, as shown in Fig. 4 .
In order to identify the system parameters, three groups of loadings with different qualities were applied at different positions of the flywheel gimbal system, and then the modal test was carried out to obtain the first five modal frequencies, the damping ratios and the modes of the flywheel gimbal. The modal test platform is illustrated in Fig.5 . During the test, mass blocks are connected to the flywheel as additional mass of the system. Similarly, the stiffness matrix K 1 of the frame base system can be identified by changing the flywheel high-speed shaft into the equivalent rigid body for CMG modal test, as shown in Fig. 6 .
The electromagnetic stiffness term can be identified by modal parameters when the frame is locked by external control.
The mass and inertia parameters are shown in Table 1 and the identified parameters are shown in Table 2 . It should be noted that the structures of frame and base are not strictly centrosymmetric, so the stiffness and damping parameters are different in different directions. 
IV. SIMULATION VERIFICATION A. SIMULATION CALCULATION OF THE DISTURBING FORCE
The vibration equation of the CMG constructed in this paper can be used to simulate the disturbing force of the installation interface of the CMG under rigid installation conditions.
Laplacian transformation of Eq. (16) yields
where s = ωi = 2π fi, i is the square root of −1, ω and f are the angular frequency and the vibration frequency of the system respectively. Eq. (24) is written in the form of impedance
The impedance matrix is written into the form of block matrix
where Q 1 is the displacement vector at the center of mass of the flywheel and the frame; Q 2 is the displacement vector at the center of mass of the base; P 1 is the excitation force at the center of mass of the flywheel the and frame, and P 2 is the excitation at the center of mass of the base, that is, the support reaction force of the installation interface to the CMG at the center of mass of the base.
Considering that the CMG is in the condition of a rigid connection, the displacement vector Q 2 at the center of mass of the base is zero.
By solving (26) , the excitation force at the center of mass of the base can be solved, that is, the supporting force of the mounting interface on the CMG at the center of mass of the base. The perturbation force from the static and dynamic unbalance of the flywheel to the center of mass of the base can be solved.
In order to carry out the verification by comparing with the CMG micro-vibration test, the vibration force P 2 at the center of mass of the frame obtained by numerical simulation is translated to the installation interface.
where W is the translation transformation matrix of force based on the CMG geometric size; F is the disturbance force matrix generated by CMG at the installation interface, that is, the disturbance force component in three directions and the disturbance moment component in three directions as well. So far, the CMG model established in this paper is in the state that the angle between the frame and the base is 90 degrees. For the CMG vibration equation at any frame angle, the rotation matrix T r is introduced to transform the system parameters of the flywheel frame system into the global coordinate system through the rotation matrix.
Taking 500Nms CMG as an example, and simulation parameters are shown in Table 1 and Table 2 . The simulation results show that the operating speed of the CMG is 7000r/min. The sampling frequency is set to 2048Hz, and the sampling time is 16s. Taking the disturbing force F y in the Y direction with the largest disturbing force at 90 • of the frame angle as an example, the numerical simulation results under typical steady-state conditions are shown in Fig. 8 .
B. MICRO-VIBRATION TEST
The micro-vibration force measuring platform measures the micro-vibration load equivalent to the center of the installation boundary generated during operation of CMG. And it was used to measure the six components of the disturbance force of CMG (three axial forces, two bending moments and one torsion), which is shown in Fig.7 . The measurement accuracy platform is extremely high whose resolution of the disturbance force and the disturbance moment is higher than that of mN and mNm, respectively. In addition, the stiffness is higher enough for this test that the first resonant frequency of the system exceeds 1000Hz.
Before the test started, CMG is fixed on the force measuring platform with rigid connection. The operating speed of CMG is 7000 r/min, and the frame angle is locked at different positions (0-330 degrees, tested every 30 degrees, totally twelve positions). The test data is collected by LMS Test La software. The analysis bandwidth is 1024 Hz and the spectrum line is 16384.
Taking the disturbance force in the Y direction F y with the largest disturbance force at 90 degrees of the frame angle as an example, the test results under typical steady-state conditions are shown in Fig. 9 .
C. ANALYSIS AND DISCUSSION
From the analysis above, it can be seen that the simplified model of CMG in this paper does not take into account the factors such as the impact between rotating shaft and bearing, so the simulation results show that the single frequency vibration of fundamental frequency does not exist frequency doubling. On the other hand, the vibration risen by fundamental frequency is the main factor in the actual work of CMG, and the amplitude of fundamental frequency is also the main factor in the spectrum analysis of test. In conclusion, the simplified model of CMG system in this paper is acceptable.
Taking the disturbance force in the X direction F x as an example, under different frame angles, the results of simulation and test are compared. As shown in Fig. 9 , it can be seen that the variation trend of simulation results is the same as that of test results. With the change of frame angle, the fundamental frequency amplitude of F x presents a variation trend of sinusoidal periodic. From the simulation results and the process of numerical modeling, it can be seen that the main reason is that the change of the frame angle results in the change of the excitation force and the direction of the torque produced by the static and dynamic unbalance of the flywheel. In the process of the change of the frame angle, the projection of the excitation force on the axis of the absolute coordinate axis presents a sinusoidal periodic change, which is transmitted to the installation interface through the amplification of the CMG system. The component of the disturbing force also shows the same periodic variation. From the test results, as the test results and numerical simulation results present the same trend, it is also proved that the main reason for the disturbance force generated by CMG at the installation interface is the static and dynamic unbalance of the flywheel, which also confirms the accuracy of the numerical modeling in this paper.
Comparing and analyzing the basic frequency amplitude of 6-DOF disturbing force of simulation results and test results at 90 degrees of frame angle, as shown in Table 3 , the numerical simulation results of CMG model in this paper are consistent with the experimental results in the X and Y directions, but there are large errors in direction. At the same time, comparing the disturbing force and torque in three directions, it can be seen that the disturbing vibration of CMG in the Y direction is generated. Force, in the Z direction, generates more disturbing moment than the other two directions, which is the dominant part. The CMG generates larger disturbing force along the axial direction of low-speed rotating axis, and generates larger disturbing torque along the vertical direction of low-speed rotating axis.
In order to study the transmission characteristics of microvibration, the sensitivity of disturbing force to the variation of parameters is analyzed based on the identification of the original parameters. Similarly, the stiffness and damping parameters of the high-speed and low-speed rotating shafts are increased by 1.1 times, which means the change is 10%, and the variation characteristics of the numerical results of the disturbing force are observed, as shown in Table 4 and Table 5 .
From the results of Table 4 and Table 5 , it can be seen that the disturbing forces generated by the CMG in all directions are influenced by the stiffness and damping parameters of high-speed and low-speed rotating shafts, and the disturbing forces are sensitive to the change of stiffness parameters, but not to the change of damping parameters. In contrast, the disturbing force is greatly affected by the variation of the stiffness of the low-speed rotating shaft, while the disturbing torque is significantly affected by the change of stiffness of the high-speed rotating shaft. the axial stiffness of the lowspeed rotating shaft has a greater effect on the disturbing force in the Z direction which is the largest disturbing force of the CMG. It is worth pointing out that the numerical results of the disturbing force in the Z direction and the torque are quite different from the experimental results. The reason is that the bearing stiffness is simplified into a radial stiffness and an axial stiffness, and the bearing is linearized. Therefore, the stiffness matrix system is a diagonal matrix, and the simulation results do not produce disturbing force in the axial direction (Z direction) when the flywheel is only excited in the radial direction (X and Y directions). However, in fact, the stiffness of the bearing will be coupled in the radial and axial direction, which leads to the fact that the stiffness matrix VOLUME 7, 2019 of the system is not diagonal, so the radial excitation of the flywheel will generate the axial-disturbing force. However, due to the small disturbing force caused by the coupling effect of the bearing stiffness, it does not have strong guiding significance for the design of the CMG. At the same time, there is no perfect and concise solution for the coupling effect of the bearing stiffness in the radial and axial direction, so it can be neglected.
The CMG model constructed in this paper is well qualified by simulation. Moreover, the micro-vibration model can complete the preliminary prediction of the micro-vibration characteristics of the CMG and provide theoretical guidance for the design.
V. CONCLUSIONS
To clarify the transmission mechanism of micro-vibration of CMG, the vibration equation of 18 degrees of freedom is established by Lagrange energy method. And the parameters of vibration equation are identified by modal analysis. The identification of the numerical modeling and the system parameter are effectively combined, and the microvibration transmission model of CMG is finally established. The mathematical model has the advantages of clear principle and simple calculation. The numerical simulation results show that the disturbance force caused by the fundamental frequency of CMG calculated by the transfer model has a small deviation from the experimental results, the maximum deviation is 4.77%.
In this paper, the micro-vibration transfer model of CMG is established, which can predict the micro-vibration characteristics of CMGs. Through the analysis of the sensitive factors of disturbance forces and torques, it can be seen that the model can provide theoretical basis and guidance for the design of ultra-low micro-vibration CMG.
